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We consider a topological Floquet insulator consisting of two honeycomb arrays of identical waveg-
uides having opposite helicities. The interface between the arrays supports two distinct topological
edge states, which can be resonantly coupled by additional weak longitudinal refractive index mod-
ulation with a period larger than the helix period. In the presence of Kerr nonlinearity such coupled
edge states enable topological Bragg solitons. Theory and examples of such solitons are presented.
The physics of topological insulators, initially intro-
duced in linear electronic systems (see [1] for a review),
nowadays rapidly expands into the plane of nonlinear ma-
terials. Many optical [2] and optoelectronic [3] systems,
hosting topological effects attract particular attention. It
has been shown that nonlinear effects in such systems can
be used to control excitation and direction of the topo-
logical currents [4–7], are crucial for stable operation of
topological lasers [8, 9], give rise to modulational insta-
bilities of the edge states [10, 11], and may lead to the
formation of topological quasi-solitons in various opti-
cal [10, 12–15] and optoelectronic [16, 17] settings. Such
quasi-solitons inherit topological protection and localiza-
tion across the edge of the insulator from linear edge
states and remain localized also along the edge, being
fully two-dimensional hybrid nonlinear states.
Generally, topological quasi-solitons are introduced as
envelope solitons for carrier wave given by linear topolog-
ical edge state [13, 15, 16], and are described by the effec-
tive nonlinear Schro¨dinger equation (NLS) with second-
order dispersion dictated by the dispersion of correspond-
ing linear edge state giving rise to soliton. However,
this is not the only mechanism that can lead to for-
mation of topological quasi-solitons. Rare examples of
self-sustained topological quasi-solitons of different phys-
ical origin are provided by Bragg solitons in spin-orbit-
coupled Bose-Einstein condensates [18] and discrete op-
tical Dirac solitons [19].
In this Letter, we predict that a new type of topo-
logical quasi-soliton - Bragg soliton - can form in Flo-
quet topological insulators. We use a photonic platform
based on arrays of helical waveguides that was success-
fully employed for demonstration of linear Floquet [20]
and anomalous Floquet [21, 22] insulators. Helical arrays
can be also induced optically as reported in [23]. Bragg
solitons are obtained at the interface of two arrays with
waveguides having opposite rotation directions and sup-
porting two different Floquet edge states. When such
states are resonantly coupled by additional slow longitu-
dinal modulation, enabling Rabi oscillations of the en-
ergy between them, Bragg solitons form in the presence
of cubic nonlinearity.
In the paraxial approximation the propagation of a
light beam along the z-direction in a medium with in-
homogeneous refractive index creating optical potential
U(r, z), is described by the NLS equation for the dimen-
sionless field amplitude ψ:
i∂zψ = −(1/2)∇2ψ + [U(r, z) +Ud(r, z)]ψ− |ψ|2ψ. (1)
Here r = xiˆ+yjˆ, ∇ = (∂x, ∂y), Ud(r, z) is the additional
weak modulation (discussed below), and the last term
describes the focusing Kerr nonlinearity of the medium.
We consider zigzag-zigzag interface of two honeycomb ar-
rays with opposite waveguide rotation directions. Left
and right arrays are located respectively at x < 0 and
x > 0 [Fig. 1(a)]. The structure is periodic along the y-
and z-axes with the periods L and Z, respectively, i.e.,
U(r, z) = U(r, z + Z) = U(r + Ljˆ, z). The potentials
created by the left, U−(r, z), and right, U+(r, z), arrays
have the form
U±(r, z) = −p
∑
m,n
e−|r−rnm∓iˆ(δ+d)/2−r0s(±z)|4/h4, (2)
where s(z) = (sin(ωz), cos(ωz)) describes helicity of the
waveguides, rmn are the coordinates of the knots of the
honeycomb lattice identified by the integers m and n, h
is the width of a single waveguide, r0 is the helix radius,
Z = 2pi/ω is its period, p is the depth of the potential,
and d is the distance between neighbour waveguides in
each array (respectively L = 31/2d). Additional spacing
δ along the x-axis is introduced at the interface between
the arrays [Fig. 1(a)] as a parameter controlling the linear
spectrum at the zigzag-zigzag interface at x = 0 [c.f.
Figs. 1(b), (c)]. The total potential reads as U(r, z) =
U−(r, z) + U+(r, z).
In the dimensionless units used here r is scaled to a
characteristic width w, while z is scaled to the diffrac-
tion length 2piw2/λ, where λ is the wavelength. The
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2FIG. 1. (a) Schematic illustration of two waveguide arrays
with opposite helicities shown by circles with arrows. Propa-
gation constants b of the eigenmodes versus k/K for Z = 10,
r0 = 0.4, (b) δ = 0.6 and (c) δ = 0.9. α and β branches are
associated with topological edge states at the zigzag-zigzag
interface [dashed line in (a)]. Green arrow and dots in (b)
indicate the states resonantly coupled by longitudinal modu-
lation (see the text). (d) The b′α,β for topological branches at
δ = 0.6.
potential depth is given by p = max(δn/n)(2piw/λ)2.
For an experimental implementation with fs-laser writ-
ten waveguide arrays in fused silica (nonlinear coefficient
n2 ∼ 1.4 · 10−20 m2/W), we select d = 1.6, h = 0.4,
and p = 8.9 corresponding to 16 µm separation be-
tween neighbouring waveguides of width 4 µm (we use
w = 10 µm), refractive index contrast 6.5 · 10−4 at
λ = 800 nm, and propagation length of z = 1 corre-
sponding to 1.14 mm. Helix radius r0 = 0.4 (4 µm) and
longitudinal period Z = 10 (11.39 mm) guarantee rela-
tively low radiative losses. Weak losses ∼ 0.1 dB/cm in
waveguides inscribed in such transparent media lead only
to slow broadening of solitons, whose width self-adjusts
to gradually decreasing peak amplitude. Below we omit
the effect of losses upon discussion of the existence of
Bragg solitons.
The linear Hamiltonian of unperturbed helical arrays,
H0(r, z) ≡ −(1/2)∇2+U(r, z), is characterized by a Flo-
quet spectrum bγk ∈ [−ω/2,+ω/2], where ω = 2pi/Z, k
is the Bloch momentum along the y-axis in the reduced
Brillouin zone of width K = 2pi/L, and γ enumerates al-
lowed bands and edge states (if any). Each Floquet state
ψγk(r, z) = φγk(r, z)e
ibγkz is associated with (quasi-)
propagation constant bγk, where φγk = uγk(r, z)e
iky,
and uγk is the L- and Z-periodic function: uγk(r, z) =
uγk(r, z + Z) = uγk(r + Ljˆ, z). Figures 1(b,c) show
representative Floquet spectra of the described arrays.
The spectrum features two branches of the edge states,
denoted by α and β at K/3 < k < 2K/3 (these values
are associated with projections on the kx = 0 plane of
Dirac cones at K and K’ corners of full Brillouin zone
for bulk honeycomb arrays). These states emerge only for
nonzero separation between arrays δ > 0. The branches
are well separated for δ ∼ d, but they gradually approach
each other when separation between the arrays increases
[cf. Figs. 1(b) and 1(c)]. The branches α and β are char-
acterized by different derivatives b′α,β = ∂bα,β/∂k shown
in Fig. 1(d).
Any two modes belonging to these branches can be
resonantly coupled by small periodic modulation Ud of
the main structure if the modulation ensures the conser-
vation of propagation constant and Bloch momentum.
Small modulation Ud can be transverse (along y− axis)
allowing for matching Bloch momenta, or longitudinal
(along z−axis) allowing matching propagation constants.
Here we focus on the latter type of modulation, because
transverse one proved to be inefficient for the purpose
of generation of Bragg solitons in helical arrays. In
Eq. (1) weak longitudinal modulation is described by the
additional potential Ud(r, z) = µsin(Ωz)sign(x)U(r, z),
where µ  1 is a small parameter and Ω is the fre-
quency of slow modulation, while sign(x) ensures the
most efficient coupling of the edge states having different
x-symmetries. Such modulation couples two modes char-
acterized by the same Bloch momentum k, e.g. modes
ψαk and ψβk satisfying the exact matching condition
bα,k − bβ,k = Ω [see the circles in Fig. 1(b); below we
use that bα,k > bβ,k]. Such Rabi coupling is a resonant
process (see e.g, [24], where this effect was reported for
valley-Hall states).
Next we use the multiple-scale expansion, modified to
take into account weak periodic modulations along the
evolution direction [25]. We search for a solution of (1)
in the form
ψ = [aα(y, z)ψαk + aβ(y, z)ψβk]
+[c
(α)
β (r, z)φβke
ibαkz + c(β)α (r, z)φαke
ibβkz] + ψ˜(r, z).(3)
Here aα,β(y, z) are the slowly varying amplitudes of the
respective edge states, which additionally must be small
enough to ensure the scaling relations |∂za| ∼ |∂ya| ∼
|a|3 ∼ µ|a|  Ω|a|. The terms proportional to c(β)α
and c
(α)
β (with |c|  |a|) describe excitations accompa-
nying soliton evolution (they can be termed companion
modes [26]). Unlike in the case of vector gap solitons
in stationary periodic medium (see e.g. [27]), now the
companion terms acquire the same propagation constants
as main soliton components, and can also be resonantly
coupled by the periodic longitudinal modulation. Even
if such modes do not exist at the input of the array
- they are excited during propagation (see (6), below).
The ψ˜(r, z) describes the rest of the higher order terms,
|ψ˜| ∼ |c|  |a|.
3In what follows, we drop details of lengthy calculations
(they are analogous to those performed in [15]) and only
present the most relevant final expressions. For the en-
velopes we obtain
i
∂aα
∂z
− ib′α
∂aα
∂y
+ κaβ +
(
χα|aα|2 + 2χ|aβ |2
)
aα = 0
i
∂aβ
∂z
− ib′β
∂aβ
∂y
+ κ∗aα +
(
χβ |aβ |2 + 2χ|aα|2
)
aβ = 0
(4)
Here κ = 〈(uαk, Uduβk)〉Z is the coupling coefficient,
χγ = 〈(|uγk|2, |uγk|2)〉Z with γ = α, β are the self-phase-
modulation coefficients, χ = 〈(|uαk|2, |uβk|2)〉Z is the
cross-phase modulation, the z−averaging is defined by
〈f〉Z = (1/Z)
∫ Z
0
f(z)dz, the inner product is (f1, f2) =∫
S
f∗1 f2dr, where S is the transverse area of the ar-
ray, and the normalization condition for the eigenmodes
(φγ′k′ , φγk) = δγγ′δkk′ is used. The effective dispersion is
related to the Floquet modes b′γ = 〈(φγ , i∂yφγ)〉Z .
System (4) admits Bragg soliton solutions [15, 28, 29]:(
aα
aβ
)
=
√
2|κ|τeiϕ+iη sinσ√
τ8χβ + 4τ4χ+ χα
(
sech(ξ + iσ/2)eiφ/2
τ2sech(ξ − iσ/2)e−iφ/2
)
(5)
where ζα,β = y + b
′
α,βz,
ξ =
|κ| (τ4ζβ + ζα) sinσ
τ2(b′β − b′α)
, ϕ =
|κ| (τ4ζβ − ζα) cosσ
τ2(b′β − b′α)
η =
2(τ8χβ − χα)
χα + 4χτ4 + χβτ8
arctan
(
1− cosσ
sinσ
tanh ξ
)
and σ ∈ (0, pi/2) and τ ∈ (−1, 1) are the free parame-
ters. The soliton (5) moves with velocity of the envelope:
vsol = −(b′α + τ4b′β)/(1 + τ4), which is different from the
individual effective group velocities of the coupled modes
given by −b′αβ .
The amplitudes of the companion modes, which are
zero at z = 0, are given by
c
(α)
β =ivβα
ei(bβ−bα)z − 1
bβ − bα
∂aα
∂y
,
c(β)α =ivαβ
ei(bα−bβ)z − 1
bα − bβ
∂aβ
∂y
,
(6)
where vαβ = −〈(φαk, i∂yφβk)〉Z . Thus, the companion
modes are resonantly excited during the evolution of the
soliton (5).
To illustrate resonant coupling between topological
edge states, induced by the weak longitudinal modula-
tion Ud(r, z), in Fig. 2(a) we show Rabi oscillations of
the intensities να,β = |aα,β |2, where the amplitudes aγ
were computed as projections (ψγk, ψ(r, z)) upon direct
numerical simulations of continuous Eq. (1). The inten-
sities of the modes computed at discrete steps equal to
the helix period Z are shown by the dots. As one can see
from the figure, the process is periodic with a period ap-
proximately equal to analytically predicted period pi/|κ|.
FIG. 2. (a) Modal weights illustrating resonant transition
between edge states α, β at Ω = 0.172. (b) Resonance curve
showing maximal weight ψmaxβ of the edge state β as a function
of modulation frequency Ω. (c) |ψ| distributions at different
distances illustrating mode transformation for parameters of
panel (a). In all cases k = 0.48K, µ = 0.005.
FIG. 3. Envelope modulus |aα| = |aβ | (a) and phase θα,β (b)
distributions in Bragg solitons corresponding to χα = 0.334,
χβ = 0.408, χ = 0.365, b
′
α = 0.181, b
′
β = −0.0255, τ = 1
and σ = 0.49 (dashed lines) and σ = 0.88 (solid lines) at
|κ| = 0.0182.
Even weak modulation with µ = 0.005 leads to prac-
tically complete transition between two edge states in
resonance Ω = bαk − bβk ≈ 0.172. The states α and β
have different x-symmetries, thus their selective excita-
tion is possible by using beams with proper symmetries
whose momentum k is matched to that of the edge state.
Deviation from resonance modulation frequency results
in decrease of the coupling efficiency. The dependence of
the maximal intensity νmaxβ of the β state on the modula-
tion frequency Ω is shown in Fig. 2(b). One can see that
maximal intensity νmaxβ rapidly decreases away of the res-
onance at Ω = 0.172. The evolution of the field distribu-
tion corresponding to panel (a) is illustrated in Fig. 2(c)
4FIG. 4. Propagation of the topological Bragg quasi-soliton constructed for χα = 0.334, χβ = 0.408, χ = 0.365, |κ| = 0.0182,
σ = 0.49, τ = 1, and moving with velocity −(b′α + b′β)/2 where b′α = 0.181, b′β = −0.0255, in the linear (top row) and nonlinear
(bottom row) media.
FIG. 5. Peak amplitudes versus z for linear and nonlinear
dynamics shown in Fig. 4.
at the distances z = 0, pi/4|κ|, pi/2|κ|, 3pi/4|κ|, pi/|κ|.
Notice change of the symmetry of the wave at z = 0
(nearly pure α state) and z ≈ pi/2|κ| (nearly pure β
state).
Next, we focus on Bragg quasi-solitons. The represen-
tative envelopes of such solitons given by Eq. (5) are
shown in Fig. 3 for k = 0.48K and |κ| = 0.0182 (corre-
sponding to µ = 0.01). For fixed τ = 1 corresponding to
the soliton velocity vsol = −(b′α + b′β)/2 the amplitude of
Bragg soliton increases with σ [Fig. 3(a)], and so does the
step in soliton phase θα,β that most rapidly varies in the
region with large intensity [Fig. 3(b)]. Thus, in contrast
to conventional Schro¨dinger quasi-solitons, Bragg ones
are always chirped. The solitons constructed using en-
velopes from (5) were excited within a wide range of input
peak amplitudes from 0.05 to approximately 0.30. Repre-
sentative propagation dynamics of a Bragg soliton, which
at the input is given by a superposition of the edge states:
ψin = aα(r, zin)ψαk(r, zin) + aβ(r, zin)ψβk(r, zin), c.f.
(3), where zin < 0, is illustrated in Fig. 4. The top (bot-
tom) row of this figure shows evolution without (with)
nonlinearity. The evolution is shown for the interval
z ∈ [0, 3000], after a short transient period, z ∈ [zin, 0],
where zin = −100, during which the input beam ψin
looses an appreciable amount of its energy. These losses
are due to the fact that the initial state ψin predicted by
the theory provides a z-averaged approximation for the
exact solution, which always performs small oscillations
due to its Floquet nature as it is illustrated in Fig. 5.
Thus, during a transient period an initial approximation
transforms into exact oscillating solution. The formation
of a Bragg soliton that moves along the edge over consid-
erable distance, experiencing only moderate amplitude
oscillations is obvious from the bottom row of Fig. 4. In
contrast, the same input dramatically disperses in the
linear medium, as shown in the top row. The difference
in linear and nonlinear dynamics is also illustrated in
Fig. 5, where we compare evolution of peak amplitudes
ψmax in the linear and nonlinear cases. While further
growth of input amplitude increases contrast with lin-
ear evolution, it may drive the excitation into the band
causing unwanted coupling with bulk modes.
For the Bloch momentum k = 0.48K the branches α
and β feature different signs of the second-order disper-
sion b′′α,β = ∂
2bα,β/∂k
2. For equal signs of the effective
nonlinearities χα,β and χ, this excludes the possibility of
the formation of conventional bright vector Schro¨dinger
solitons. In conjunction with specific soliton velocity co-
inciding with its theoretical prediction and with the scal-
ing relations between the amplitude and width of the
obtained solitons, this confirms Bragg nature of the ex-
cited nonlinear states. Notice also, that even though
Bragg solitons survive over considerable propagation dis-
tances, they are quasi-solitons, i.e. their peak amplitude
very slowly decreases with distance [Fig. 5] due to small
radiation, visible in the bottom row of [Fig. 4]. This
phenomenon, is due to the companion modes: although
those modes are much smaller than ψin, they are local-
ized around the soliton. Having the same propagation
constants bαβ , companion modes introduce higher dis-
persion, thus breaking balance with the nonlinearity.
Summarising, we have predicted the existence of new
type of Bragg edge quasi-solitons in Floquet topological
insulators and developed their theory. Our results sug-
gest that Bragg solitons may form in other systems sup-
porting more than one edge state per interface, such as
gyromagnetic photonic crystals and atomic systems with
spin-orbit coupling.
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